ANAAYZH
1° KEZAAAIO - TA BAZIKA ZHMEIA

1. TTedio opiopoU (01 TIHEC TOU «ETITPETETAI> VA TAPEI 0 X, UTooUVoAo Tou R, n mpoPoAn Tng
YPAWIKAC TapdaoTaong ThG ouvaptnong otov X X)

Zntdue: a) O1 untépileg TOOOTNTEC va gival HeyaAUTEPEC R i0EC Tou PHNdEVOC

p) O1 mapovopaoTég va pnv eival undév Kai y) Av uttdpxel otov TUTo log n In amaitolpe n tapdoTaon dimAa
Tou va eival OeTIKOC apIBUoC.

2. ZOvoAo Tipwv (givar o1 TIHEC TOU pmopEi va wdpel 0 Y, uwooUvoAo Tou R, n mpoPoAR Th Ypag@ikAg
wapdaotaong otov Y y)

Ma va ppolpe To oUVoAo TIHWY Hidg ouvdpTnong, BéToupe Y=f(x) kar AUvoupe w¢ TTpog X. ZThv TTpoaTdOeia
£MIAUONG WC TIPOC X, TIOavOV va TTpoKUYOUV TTEPIOPICHOI YId TIC TIHEC ToU Y. ZuvaAnBeloupe auTtoUG Toug
TEPIOPIOUOUC HE EKEIVOUC TTOU TTPOKUTITOUV aTtd Thv amaithon n AUoh w¢ Ttpo¢ X Tou PpRKAE, vd avAKEl
oTo Tedio opIoHoU ThG ouvdpTnong.

3. TMMwcg ppiokw Tov TUTo Tn¢ f(x) av diveTal pia ouvapTnolakn oxéon;

H paoiki ouvtayn gival 611 av doB¢i pia oxéan pe f(x) kai f(kdr) , dnpioupyeite pia véa oxéon palovrag
oTnv Rdn uTtdpxouad, 6TToU X To KATI KAl 0T oUVEXEId avTIHETWTICeTE TIC dUo 0Xéoelg oav aUoThUd HE
ayvwoTtoug Ta f(x) kar f(kdr).

Av TtdAI n doBcioa axéon dev £xel kaBdAou f(x) aAAd sivar pia oxéon Tou Trepiéxel AAAEC TTAPAOTATEIC
dimAa atnv f , ovopdoTe Hia ammd auTéG X Kal TPooTaOAoTe va KAVETE To id10 e TApATIAvW.

4. Aptia - wePITTA ouvaprTnon.

TTpwTa PepaiwBdeite 0TI yia KABe X Tou avAkel aTo Tedio opiopol TS cuvdpTnong Kai To (-X) avAkel
emiong oto medio opiopol TG, dnAadn OTI To edio oplopoU TNG ouVAPTNONG €ival GUUHETPIKO WG Ttpog To 0.
Av To redio opIoHoU dev €XEl AUTO TO XAPAKTNPIOTIKO, OTANATATE Tov €AeyXxo, n ouvdpTnon dev givail TiTmoTa
amé Ta dvo.

Egdoov dpwc umtdpxel n ouppeTpia, Ppeite To f(-x). Av pyer ioo pe f(x) h cuvdpTnon civai dptia (d€ova
OUHUETPIac Tov Y ). Av Pyel igo pe -f(x) , n ouvdpThon civar tepITTA (Kévtpo auppeTpiag 1o (0,0)). Av dev
Pyer TiTmoTa amé Ta Vo, (vai, UTTdpx el Kal AUTA N TtepimTwan) , ToTe dev gival oUTe dpTid oUTE TTEPITTA.

5. ZuvnOiopévee eKPPAoEIC Kal h araiThon diwAa Toug

‘Ekppaon-araithon MaOnpariky ouvenkn

To onpeio (X,,Y,) avikel aTh ypagikh tapdotaon Tng f | f(x,)=y,

Na ppeite To onpeio TOUAG TG YPAYIKAG TTapdoTdong | ZTov TUTO ThG ouvdpThong, BéTw 6mou y To O,

pe Tov X X AUVW w¢ Tpo¢ X

Na Ppeite To onpeio TOUAC TNC YPAYIKAC TTapdoTaong | ZTov TUTO ThE ouvdpThong, BéTw 6mou X 1o O,

e ToV Y'Y AOvVw w¢ Tpog y.

Ma moieg TIPéC N ypagikA TTapdoTaon The ouvdptnong | AUvw tnv aviowon f(x)>0 ( A f(x)<0, avTioToixa,

f , eival mdvw amé Tov X' X; av givar KaTw amd Tov X ' X)

Na ppeite Ta onpeia Topng Twv f(x) kar g(x) AUvw T0 oloTnud Toug, dnAadn e€iowvw: f(x)=g(x)
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6. ZUOykpion - Tlpa€eic peralv ouvapthoewv (+,-,.,7,=)

=eKIVAOTE PpiokovTag Ta media opiopoV TWY GUVAPTAGEWY , d¢ Td TToUHE A Kal B kaBw¢ kai Tnv Toun Toug,
ag tnv moUpe I (AnAadn A=A¢, B=A,, T=ANB). Twpa pmopeiTe va TpoxwpnoeTe:

a) Eivai f=g pévo av A=B kai f(x)=g(x) yia kdOe x €A=B. TTpogoxh! Av oi f kai g £éxouv idio TUTTO aAAd
d1apopeTiko Tredio opiopoU, pmopoUpe va Toupe 6T f(x)=g(x) via kaBe xeT .

p) Av BéAoupe va ppolpe Tig f+g, f-g, fg TOTE KAvoupe TIG avTioToIXEG TPAEEIG XPNOIHOTIOIWVTAG TOUG
TUTIOUG TOUG Kal To I gival To medio opiopoU TWV CUVAPTACEWY TTOU TIPOKUTITOUV WG AToTEAEOUd TWV
Tpagewv auTwy.

v) Av BéAoupe va ppolpe Thv f/g , amaiToUpe emITAEOV 0 TAPOVOHATTAG va HN UNSEVICETAI KAl AV UTIAPXEl
eMITAEOV TIEPIOPIONOG, Tov e€aipoUpe ato To T.

7. ZUvBeon ouvapTRoewv

A¢ uTroBéooupe 611 divovTtar or ouvapThoeig f kai g kai {nTeital h ouvBeon: go f

=ekIvdpe TTavTtoTe PpiokovTag Ta media opiopoU Toug , Af Kal Ag. 2Th ouvéxeld, Ppiokoupe To Tedio
oplopol Tn¢ ouvOeong:

Agof = {x €A Wote Ko f(x) e Ag} . Epdoov To oUvoho auTd civar 31dpopo Tou KevoU, TIPOXWPAHE OThY

gUpeon Tou TOTTOU TNG ouvdpThong, dnAadh Ppiokoupe Tov TUTO The (g o F)(X) = g(f(X))

8. Aivetai n o0vBeon g-o f kai n f(x), Inreitar n g(x).
TpoonaBw, péoa otov 10O TG (g° )(X), va eppaviow Tov TUTO TG f(X). Av Td KaTagépw, PAlw 6Tou

f(x) T0 X KaI éxw TeAeiwaoel. Av autd dev civar duvard, ovopdoTe Y To f(X), AUOTE WG TTPOC X Kal
avTIkaTaoTAGTE oTNV dpXIKh oxéan. Oa Pyeite o€ pia ouvdptnon g(y) - omdTe PAATE amAwg OTToU Y TO X.

9. MovoTovia ouvapTnong

Av n f eivai yvhoia abfouoa oc éva didoTnua A, ToTe 10XUel N 1I00duvagia:

x, <X, =f(x) < f(x,) evi av f yvioia pBivousa x, < x, =f(x,) > f(x,).

TTpoooxh! Av To medio opiopoU piag ouvdpTnong civai évwon 81aoThdTwWyY, TOTE TIPETTEI va PpeiTe TN
HovoTovia o€ kaBe umodidoTnua.

10. Zuvaptnon 1-1

AV yid IaQOPETIKEC TIHEC TOU X, £XOUHE BIAPOPETIKEG TIHEC Tou Y, TOTE N f eival 1-1. O éAeyxocg yia 1-1
ouvdpTnon, vivetar wg e€Ag: Zekivdpe umoBétovrag 6T f(x,) = f(x,) kar amodeikvioupe 6TI auTé 10XUE!
HOVO OTNV TTepiTTWON OTTOU X, = X, . AV UTIApXOUV Kai dAAeg 8ekTéC AUoeIg TTAnV auThAg, TOTE n f dev eival
1-1. Emiong, av ppeite 300 ouyKeKpIpéveg TILEG X, # X, yuatig oroieg F(x,) = f(X,) , TéTe n ouvdpTnon dev
givar 1-1.

Orav Wia ouvdpTtnon civai 1-1, ToTe cival avTioTpéyiun. Av gia ouvdpThon €ival yvAoia ovoTovn o€ éva
didoTnua, ToTe civar kai 1-1, aAAa dev 10xUel To avTiaTpowo.

11. AvrioTpopn ouvaptnon

Av pia ouvdpTthon f eivai avTioTpéyipn, ToTe opileTal n avTioTpogn Tng f , n omoia ouppoAileTtar pe . H

avtioTpown ouvdpTtnon €xel edio opIoUOU TO OUVOAO TIHWY ThC APXIKAG ouvAPTNONG Kail Ypd@IKA
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TApdoTacn CUHHETPIKA TG ApXIKAC W¢ Tpog Thv guBcia y=x. MNa va ppoupe AoITtdv Thv avTioTpopn
ouvdpTnon, kdvoupe Ta eEAC:

a. Acixvoupe 611 n f civar 1-1.

p. Bpiokoupe To oUvoAo Tipwy Tng f, pBdvoupe Aoimdv kai oe €va TUTO TNG Hop@NG X=g(y) , Tn axéon
OnAadn otou £xoupe AUoEI wW¢ TTPOC X.

v. H £ éxer Aoimov medio opiopoU To oUvoAo TiIpWY TTou Tipoadiopicate aTo (P) Kai TUTTO TToU TIPOKUTITE! ATrd
Tn oxéon x=g(v), av PAdAeTe 6ToU Y TO X, SNAAdH N g eival TeAikd n .

12. TTaparnpnoeic yia Tnv avrioTpoyn
a. IoxUouv o1 oxéoeig: (f o f’l)(x) = (ffl ° f)(x) =X

p. O1 ouvapthoeic f kot 7 éxouv Tnv idia povoTovia.

v. Av n f givai yvAgia au€ouaoa, TOTE Ta koivd onpeia Twy f kai ! Ppiokovral Tdvw oTnv euBeia y=x, dpa
av xpelaortei va Ppeite Ta Koivd Toug onyeid, Umopeite va AUoeTe To oUOThUA HIAC ATTO AUTEC HE ThV Y=X.

AZKHZEIZ 2E 2YNAPTHZIAKEZ 2XEZEIZ KAI MEAIA OPIZMOY

1. Na Bpeite og KGBe pia amo TI¢ MAPAKATW TEPLTTWOELG TOV TUTO TG f(X).
a. Av f(xX)f(y) =f(x+y—xy), f(1) =0 ka1 A, =R.
b. Av f(0) =2015 kot f(x+y)=8xy+f(x-y), Vx,yeR.

4
c. Av f(x)+f(mj =X, Xe ]R—{O,Z}.

d Av f(x)-x < x* <f(x-1)+x, Vx e R.
e. Av f(x)f(y) - xy = f(x) + f(y) -1, Vx,y e R.
f. AV f(x +y)f(x—y) =x*—-y?, Vx,y e R,

_ o2 _x*-4x+8
Amaveieic a f(x)=1 b.f(x) =2x° + 2015 c. f(x) = 2x(x_2)

df(x)=x*+x e f(x)=x+1h f(x)=—x+1 f f(x)=xnh f(x)=-x

. . 1
2. a. Av 3a >0 étol Wwote f(x+a) = > +(F(x) - f2(x) VxR, vaseifete 61 n cuvaptnon eiva

nieploSikn pe mepiodo 2°,
1+f(x)
1-f(x)’

b. Av 3a > 0 éto1 Wote f(x+a) = VxelR-— {0,1} , va Seifete otLn f eivau meploSikr pe mepiodo
4a.

3. Na ppeite Ta media opiopoV TWV TAPAKATW CUVAPTATEWV:

j f 2
a f(X):ZX—_Z b. f(x):w C. f(x)zx_—x+2
X" +3x+2 X — Inx-1
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d. f()=v2-2x+{In(x-1) e f(x)=ve*-3e*+2 f. f(x)zln(%j
0. F() =X —2x +ax+ x> h f(x)=In(Inx) i f(x)=v2_Inx-e*—3

J- f(x)=ln(3xl_nzxj k. f(x)=AIn*x-Inx-2 1. f(X):\/Ii_Z x+1

=3| | X|+1 Anavrigeic:

m. f(x)=(1-In x)“/f2

a.[2,+x) b.(-0,0) c. (0,e)u(e,+o) d.[e+Le*/2] e [0,In2] f.(-13)
0. (—o0, =41 U{0}U[2,40) h. (L +o) i.[In3,e°] j.(2,€%) k.E,ez} [.[2,3) U (3,+x)
m.[2,e)

4. Aivovrai o1 ouvaptiioeig: T(X)=+x-1, g(x)=In(x-2), h(x):—l, t(x) = ;(—4_2
- X

X
X+
Na ppeite-epooov opifovrai-Ti¢ ouvapThoeig: fog, go f, foh, hot, tog, hog, fot.

ATavThoeIg:

f(g(x)=IN(x=2)—1 , A=[e+2,+wx).

g(f (X)) =In(WXx-1-2), A=(5,+x).

f (h(x)) = /x__+11 A= (—o0,-1).
/X+2
h(t(x)) = —3=X_ A=(-2,3).
/X—”+1
3-X
_In(x=2)+2 ,  2e*+1
t(g(x))_‘/—B—ln(x—Z)’ A=[=5—e"+2)

h(g(x) = —N(X=2)_ A=(2,%+2)u(%+2,+oo).

In(x-2)+1’

f(t(x)) = %j—l, A=(%,3).

5. Na Bpeite tnv avtiotpodn cuvaptnon og KABE pia armd TG MoPAKATW MEPUTTWOELS, epooov BERata opileTal:

a.f(x)=1-x> b.f(x)=x* xe[0,2] c f(x)= Zex _1
—-e
3
Anavtioeis: a. f1(x) = {;/\{x_:? :;1 b.f'(x)= Ix, xe [0,16] c. f(x) :|n(2Xx—:llj, X e (—oo,—l)u[—%,+oo)
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